The molecular vibrations of cyclic (HF)6 are studied. The consequences of complex characters for irreducible representations of the appropriate point group (C^) are elucidated. The secular equation of the vibrational problem is solved in terms of real coordinates. Those of the degenerate species were obtained by a transformation of the complex symmetry coordinates. The force constants were taken from solid HF data. Mean amplitudes of vibration were calculated and compared with electron diffraction results.
Introduction
The importance of hydrogen bonds in chemical and biological systems is well recognized, and this has stimulated the interest for the study of systems like polymeric HF. Special interest has been a t tached to the structural properties of HF polymers in the gas phase. The existence of (HF)W in vapours has been known since the work of Mallet1. The infrared spectrum of hydrogen fluoride polymers is reported probably for the first time by Im es2, and the existence of (HF)6 in the gas phase was sug gested by Simons and Hildebrand3. The old struc tural studies have been reviewed very early4-5. In spite of this early evidence a long time has passed until the details of structural properties in (HF)W vapour became known writh a degree of certaint}7, and several misleading conclusions have been drawn during this time.
The existence of different (HF)n species in vapour was demonstrated by a visual electron diffraction work6. However, the data were wrongly interpreted in favour of linear or nearly linear chains of different lengths, (HF)ß being present as a predominant species. For this species in particular a hexagonal (cyclic) structure was discarded.
Many spectroscopic works on HF polymers have appeared. Several references7-10 are found in the work of Smith n , wT ho has reported the temperature and pressure dependence of band absorbance in HF vapour systems11-12. Also some more recent works should be cited13-15. In one of these wrorks14 the data are interpreted in terms of a cyclic trimer structure in HF(^). This conclusion is disproved by Sm ith15, who summarizes the situation in the fol lowing w ay: "With present experimental conditions, Reprint requests to Prof. Dr. S. J. Cyvin, Division of Physical Chemistry, University of Trondheim, N-7034 Trondheim-NTH, Norwegen. the apportioning of the absorption to particular polymers is difficult and uncertain"15. Consequent ly the above cited spectroscopic works have contri buted little to precise assignments of vibrational frequencies to definite (HF)n species.
The most recently reported infrared work on gaseous (HF)W , as far as we know, is furnished by Huong and Couzi16. These investigators have inter preted some spectral bands in terms of a cyclic hexamer and chain tetramer. They also claim evi dence for the dimer almost without higher polymers under certain conditions. This work is a step to wards a tentative assignment of frequencies to de finite (HF)W species, but it is still far from a com plete vibrational assignment. Besides the compli cations of unknown species in different proportions it should be pointed out that many frequencies are expected to be inactive in infrared. In the proposed planar cyclic (HF)6 species, for instance, the selec tion rules prescribe only four frequencies out of twenty to be infrared-active.
Other modern investigations of HF polymers in the gaseous phase tend to conclude that the vapour at room temperature and below consists mainly of the monomer, dimer and hexamer17' 18. A cyclic (HF)6 molecule is believed to be the predominating polymeric species. The significant work of Janzen and Bartell18 should be mentioned in particular. It is a modern sector gas electron diffraction work, in which precise interatomic distances for the cyclic (HF)ß species are reported.
In the present work the molecular vibrations of a cyclic (HF)ß model are treated theoretically for the first time. A normal coordinate analysis is per formed using the force constants transferred from solid H F 19. They reproduce quite well the solid infrared frequencies from Kittelberger and Hornig20. Calculated mean amplitudes of vibration21 are re ported in the present work. These quantities are believed to have some relevance to the electron diffraction measurements18, in spite of the fact that the normal coordinate analysis is rather uncertain because of the lack of important spectroscopic data. On the other hand the present work may perhaps be helpful in future assignments of experimental vibrational frequencies.
Molecular Model
In their electron diffraction investigation Janzen and Bartell18 conclude with a puckered rather than planar ring of the hexameric (HF)ß structure in the mean distances it displays. They do not find suffi cient information to distinguish boat from chair, or other, conformations. It is possible that a broad continuum of conformations is swept through as the exceedingly flexible ring vibrates. The mentioned investigators18 also state that it is entirely possible, in view of the large vibrations involved, that the ring of fluorine atoms is planar in its equilibrium configuration. On the basis of this discussion it seems appropriate, at least as a starting point, to assume a planar (HF)6 equilibrium structure in the vibrational analysis. HFFH torsions, n (12-1-2-8), r 2(7-2-3-9), T6 (11-6-1-7).
The thirty-six valence coordinates specified above are not all independent; they contain six redundan cies. When constructing the set of internal coordi nates for the basis of the vibrational analysis (see below) the redundancies were removed simply by omitting certain combinations of valence coordinates under the appropriate species.
Non-Degenerate Symmetry Coordinates
Symmetry coordinates under the nondegenerate species are given ;n the following.
Si (Ag) = 6 -1/2 (n + r2 + r3 + r4 + r5 + r6) ,
S (Au) = (BD/6)1/2 (yi + y2 + 73 + 74 + ys + ye) 5
Si (Bu) = 6-1/2 (ri _ r2 + r3 _ r4 + r5 _ r6) , S2(Bu) = 6-1/2 _ i2 + i3 _ i4 + ;5 _ ;6),
S3(Bu) = (ÄJD/6)1/2( a i -a 2 + a 3 -a 4 + a 5 -a 6), S*(Bu) = (ÄÖ/6)1/2 (<pi -992 + 9)3 -? 4 + <P5-<P6).
A complete set of independent internal coordinates is produced by adding the following coordinates to those of Eqs. (4) -(7). <2a (Elg) = (RDI 12)1/2 ( n + 2 y2 + y3 -y 4 -2 r 5 -y 6); (8) <£b(Elg) = J (RD)V2(y3 _ yi _ y6 + y4);
©ia (E2g) = 12-1/2 (ri _ 2 r2 + r3 + r4 -2 r5 + r6) ,
@16 (^iu) = 12-1/2 (ri + 2 r2 + r3 -r4 -2 r5 -r6) , ©2b (J0iu) = 12-1/2 {h + 2 Z 2 + h ~ h -2 15 -Ze), ©36(^1«) = (i?D/12)i/2(9?1 + 2^2 + ^3-9)4 -2 995 -;
©la(E2u) = (ÄD/12)i/2 ( n -2 r 2 + r 3 + r 4 -2 t 5 + T6) , ©2a (£2M ) = 12)1/2 (yi _ 2 y2 + r3 + y4 -2 y 5 + y6);
© i f t f c ) = I (b d )v 2 (t3 -n + r 6 -r 4) , ©2*(^2M ) = I (RD)1/2 (ys -y 1 + y6 -y4) .
The real coordinates of Eqs. (8) - (15) are not true symmetry coordinates under the group Cm . In the character table of this group there are complex numbers for the degenerate species22. Real and purely imaginary characters are obtained, however, by adding and subtracting the characters in the two rows pertaining to each of the degenerate species22. That is the clue to constructing a set of real internal coordinates in such cases. The above set (8) - (15) was constructed according to the pattern of sym metry coordinates under the D6h group 21. The fact that the real coordinates (8) - (15) are not true symmetry coordinates manifests itself by nonvanishing 0 matrix elements corresponding to a and b coordinates within the same species.
Group-Theoretical Background
The latter operation may conveniently be regarded as an anti-unitary operator, Kq , to be added to the set of point group operators. Hence the symmetry group $ (in our case Cen) may be extended to = Kq where the original point group now plays the role of a subgroup of index 2. If an irreducible representation of $ is non-equivalent to the corresponding complex conjugate representation (which obviously holds in our case), the attendant set of complex symmetry coordinates has to be extended by complex conjugation in order to pro vide an irreducible co-representation of the augmen ted group &. This way, an irreducible representa tion and its complex conjugate combine and become a degenerate species in terms of . If the two ordi nary representations are already degenerate (in terms of then all frequency degeneracies are doubled. The enlarged set of symmetry coordinates (i.e. the original complex coordinates and their complex conjugates) relate to the vector space which carries the co-representation. In this space it is possible to choose a set of coordinate axes which yield real-valued coordinates. The point to note is that Wigner's theory guarantees that both consti tuents which are needed when constructing the corepresentation are present in the usual decompo sition into ordinary symmetry species. The above remarks also pertain to the case when an ordinary representation is equivalent to its complex conju gate (i.e. when they are related by a similarity transformation), but not equivalent to a real re presentation.
I t seems worth mentioning that the combination of complex symmetry coordinates into real ones was employed long ago by Landau 2 4 in his investigation of second-order thermodynamic phase transitions. Landau refers to the combined species, i.e. the corepresentation and its real coordinates, as a physi cally irreducible representation. Finally, the authors would be remiss not to mention that Lyubarskii25 has described the combination of complex "car tesian" symmetry coordinates of molecules into real coordinates. However, that work has apparently passed largely unnoticed among molecular spectroscopists. Therefore we do not consider the present treatment in terms of valence coordinates to be superfluous.
Degenerate Symmetry Coordinates
In this section we are treating explicitly the complex symmetry coordinates which arise from the existence of complex characters for the C §h group. They occur in the species E \g, E 2g, Eyu and E 2u • The extension of Wilson's GF matrix method22 to the general case of complex coordinates was formulated by Cyvin et al. 26 and applied to the C model of boric acid27' 28. Force constant analyses of the boric acid molecule28' 29 have been perform ed on the basis of this theory. In the present case of C$h symmetry some of the essential features of the theory shall be illustrated by treating the E 2u species in some details.
True symmetry coordinates under the C$h group are for example: Sla(E2u) = (ÄD/6)l/2( -T2 + T3 + £T4 -T5 + £*T6 + £Tl), S2a(E2u) = (RD/6)i/2( -y2 + s*ys + ey, -75 + e*y6 4-eyi);
S lb(E2tt) = (#Z>/6)l/2( -T2+ £T3+ £*T4 -T5 + £T6 + £*Ti) , S2b(E2u) = (i?Z>/6)1/2(-y2 + £73 + £*74 -75+ e y e + £*yi) ■ (17) Here e ~ ein!3, £* = e~i71^. The real coordinates of Eqs. (14) and (15) are connected with these sym metry coordinates through the unitary transforma tions
Now we shall study the effect on the 0 and F matrices when the complex symmetry coordinates are transformed to the real set. Let this transforma tion be defined in matrix notation by S = T S , (19) where © and S represent the E 2u coordinates {®ia, ©2«, ©2b} and {Sia, S2a, S \b, S2b}, respectively. Explicitly the transformation matrix of Eq. (19) 
where The above formulation is valid for the case of two degenerate pairs of coordinates in a given species. The theory is easily extended to any number, n, of degenerate pairs by assuming that the E and i submatrices of Eq. (21) are not restricted to being twodimensional, but have the deimnsionality of n. The transformation (19) is unitary; hence
The complex G matrix in terms of the degenerate symmetry coordinates has the form
Here the submatrix H (as well as the whole G) is Hermitian. The transformation according to Eq. (19) yields the corresponding real G matrix, which is based on the <3 coordinates, by
On inserting from Eqs. (21), (23) and (24) it is obtained
t is worth while looking at the form of the © matrix in more details. In accord with Eq. (26) it may be written in general as A B B A © (27) where A is symmetric, and B is skew-symmetric: B' = -B. The whole Q) is of course symmetric. In the case of the E2u species considered here the ap propriate © matrix block may be mapped in the following way.
In the same notation the complex G matrix, cf. Eq. (24), reads:
The actual numerical values of A, B and C are found in Table 1 . The table shows numerically all the G matrix elements of the present analysis. The transformation of the force-constant matrix from the complex F into the real % follows exactly the same pattern as that of the G matrix. Hence the real g matrix possesses the same form as indi cated by Eqs. (26) and (27) .
In conclusion of this discussion it should be clear that the solution of the secular equation of mole cular vibrations22 in terms of the real matrices is equivalent to a well-known method of treating complex matrices. In this treatment a complex n x n matrix is represented by a real 2n X 2n m atrix19-30' 31.
Harmonic Force Field
Following Tubino and Zerbi19 we have construc ted a seven-parameter harmonic potential functic viz. 2V = Z K r rt* + 2 F r i ri+1 + K M i= 1 + + Hycpi2 + Hy}>i2 + H r n 2 . (30) Here the term with F pertains to next-neighbour (F-H, F-H) interaction; hence r-j = r \ . Because of the lack of an experimental assignment of (HF^gr) frequencies we have transferred the valence force constants from solid HF, as developed by Tubino and Zerbi19. 
The thirty-six valence coordinates are not inde pendent: they contain six redundancies. But all these coordinates may be expressed in a unique way in terms of a set of thirty independent internal coordinates:
R -W S .
Here S is supposed to represent the set of internal coordinates given by Eqs. (4) - (15) . Then the forceconstant matrix in terms of the S coordinates may be found according to the transformation 
where m is the (3AT X 3AT) diagonal matrix of atomic masses. The procedure outlined above was used to express the potential energy in terms of the F matrix. The numerical result is reported in Table 2 .
Normal Coordinate Analysis
The secular equation22 was solved in terms of the S coordinates using the (real) G and F matrices of Tables 1 and 2 , respectively. In the degenerate species each frequency value came out twice, as it should be according to the theory. The calculated frequencies are shown in Table 3 .
Mean Amplitudes of Vibration
The force field was used to calculate the mean amplitudes of vibration according to well-established methods21. Table 4 shows the results at the temper- and Fi--F 3, respectively. For F i---F 4 the calcu lated value is 0.587 A, which is significantly larger than the observed value. We have no good ex planation for this discrepancy. For the FH bond distance the mean amplitude from electron diffrac tion is reported to be18 0.066 A (as in the monomer), which is somewhat smaller than the calculated value of 0.074 A (see Table 4 ).
